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Here we show that the ability to combine N completely depolarising channels in a superposition of
N alternative causal orders enables a perfect heralded transmission of quantum information in the
large N limit. The possibility of quantum communication through completely depolarising channels
highlights a fundamental difference with the superposition of N = 2 causal orders, for which the
transmission of quantum data is impossible.
Introduction. Shannon’s information theory was ini-
tially developed under the assumption that the informa-
tion carriers were classical systems [1]. At the funda-
mental level, however, physical systems obey the laws of
quantum mechanics, which enable radically new commu-
nication protocols that were unthinkable in the classical
world [2, 3], and give rise to a variety of new communi-
cation capacities [4–6].
Traditionally, the extension of Shannon’s theory to the
quantum domain assumed that the configuration of the
communication devices is fixed. Recently, there has been
an interest in new scenarios where the communication
devices can be arranged in a coherent superposition of
alternative configurations. For example, the available
devices could act in different orders, and the choice of
order could be controlled by the state of a quantum sys-
tem, using a primitive known as the quantum SWITCH
[7, 8]. Similarly, the devices could be used in alterna-
tive to one another, and the choice of the device used
to communicate information could be controlled by the
state of a quantum system, giving rise to a superposition
of alternative quantum evolutions [9–14].
The ability to superpose different configurations of
communication devices can be exploited to achieve ad-
vantages over the standard model of quantum Shannon
theory, where the configuration is assumed to be fixed.
In particular, advantages of the superposition of orders
have been shown in Refs. [15–22], while advantages of
the superposition of channels have been shown in Refs [9–
∗ giulio@cs.hku.hk
14]. These advantages can be understood in a resource-
theoretic framework, where the resources are communica-
tion devices, and the allowed operations on them include
operations performed by the communicating parties, as
well as operations performed by a third party that places
the communication devices between the sender and re-
ceiver, setting up the communication infrastructure used
by them [23].
One of the most striking advantages of the superpo-
sition of configurations is the ability to communicate
through channels that are normally useless for commu-
nication. For example, Ref. [15] showed that two com-
pletely depolarising channels, which cannot transmit any
information when used in the definite configurations of
standard quantum Shanonn theory, become useful for
transmitting classical information when arranged in a su-
perposition of two alternative orders. However, this phe-
nomenon is limited to the transmission of classical bits:
no arrangement of two completely depolarizing channels
in a controlled superposition of orders can be used to
transmit quantum bits [17].
A natural question is whether the superposition of
channels in more than two orders gives rise to any new
form of communication advantage. Refs. [19, 20] ex-
plored the transmission of classical information through
N ≥ 2 completely depolarising channels combined in a
quantum superposition of M ≥ 2 alternative orders, find-
ing out further increases with respect to the N = 2 case.
Here we show that a transmission of quantum bits be-
comes possible when N > 2 depolarising channels are
used in a superposition of N alternative orders. When
the number of depolarising channels becomes large, we
show that a nearly perfect heralded transmission of quan-
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2tum bits becomes possible with heralding probability at
least 14 . This result is in stark contrast with the impossi-
bility of quantum communication with N = 2 completely
depolarising channels, and highlights a genuinely new fea-
ture arising from the superposition of more than two al-
ternative causal orders. Since the reliable communica-
tion of quantum information is necessary for distribution
of unknown quantum states and entanglement [24], both
of which are important for current and future quantum
technologies [2, 3], this result establishes an important
feature of the superposition of causal orders.
In addition to this new qualitative phenomenon, we
also observe a quantitative increase of the classical capac-
ity with the number of superposed orders, pointing out
an unexpected connection between the combination of
completely depolarising channels in the quantum SWITCH
and the universal quantum NOT gate [25–28]
Communication devices in a coherent superposition of
alternative orders. A communication device transmitting
a quantum system is described by a quantum channel,
that is, a completely positive trace preserving linear map
C : L(H) → L(H), transforming operators on the sys-
tem’s Hilbert space H. Any completely positive trace
preserving (CPTP) linear map can be written in the
Kraus representation C(ρ) = ∑i CiρC†i where {Ci} sat-
isfy
∑
i C
†
iCi = I.
Here we will consider the application of N channels
in a coherent superposition of different alternative or-
ders. The superposition of orders is constructed using the
quantum SWITCH, a higher-order operation that takes two
quantum channels as input and produces a new quantum
channel, in which the two input channels are executed in
one of two different orders, depending on the state of
control qubit, called the order qubit. Here we will use
the original definition of the quantum SWITCH, where the
two channels act in two subsequent time steps, possibly
allowing for intermediate operations [7, 8]. Mathemati-
cally, the quantum SWITCH transforms two input quan-
tum channels C(1) and C(2) into the output channel
S(C(1), C(2))(·) =
∑
j1,j2
Wj1j2 ·W †j1j2 , (1)
where the Kraus operators Wij are defined as
Wij := C
(1)
j1
⊗ C(2)j2 ⊗ |0〉〈0|+ C
(2)
j2
⊗ C(1)j1 ⊗ |1〉〈1| , (2)
where {C(1)j1 } and {C
(2)
j2
} are Kraus operators for chan-
nels C(1) and C(2), respectively, and the three systems
in the tensor product on the right hand side are the in-
put system in the first time step, the input system in
the second time step, and a control qubit that controls
the order in which the two channels are executed. Note
that, while the individual Kraus operators Wij depend
of the choice of Kraus representation for C(1) and C(2),
the overall quantum channel S(C(1), C(2)) depends only
on the channels C(1) and C(2) themselves.
When N ≥ 2 channels are available, the quantum
SWITCH operation (1) can be applied to each pair of chan-
nels, thus generating all possible permutations of their
orders [29]. In a resource theory of communication, one
can think of the quantum SWITCH as an operation per-
formed by a communication provider, who uses the avail-
able communication devices to construct a quantum com-
munication network where N transmission lines connect
a sender to a receiver through a sequence of intermediate
parties, as illustrated in Figure 1.
FIG. 1. Communication scenarios involving a sender and
receiver located at (yellow) nodes 1 and N + 1 connected
through a network of intermediate parties located at (vio-
let) nodes 2 . . . N . A communication provider could amongst
other choices, place N channels (green) in any of the N cyclic
permutations of some initial configuration between the inter-
mediate parties.
We will assume that the order qubits are inaccessible
to the sender, and are initialised by the communication
provider in a fixed state before the beginning of the com-
munication protocol. Also, we will take the intermediate
nodes of the communication network to contain identity
operations, so that the effective channel available to the
sender and receiver becomes
Ceff(ρ) =
∑
pi,pi′∈S
ωpi,pi′ |pi〉 〈pi′| ⊗ Cpipi′(ρ) , (3)
where S is a set of permutations, ω is the state of the
order qubits, with support in a subspace spanned by an
orthonormal basis {|pi〉})pi∈S labelled by permutations in
S, and
Cpipi′(ρ) :=
∑
j1,...,jN
C
pi(1)···pi(N)
jpi(1),...jpi(N)
ρC
pi′(1)···pi′(N) †
jpi′(1),...jpi′(N)
(4)
with the notation Ci1···iNji1 ...jiN := C
(i1)
ji1
· · ·C(iN )jiN , where
{C(i)ji } are Kraus operators for channel C(i),
Heralded quantum communication through completely
depolarising channels. In the standard communication
scenario where the configuration of the channels is fixed,
the completely depolarising channel D(·) := I/dTr[·] is
the prototype of a useless channel: it replaces the in-
put state by white noise, outputting a uniform mixture
3of all possible pure states. Since the output is indepen-
dent of the input, the completely depolarising channel
has zero communication capacity, both for the transmis-
sion of classical bits and for the transmission of quantum
bits.
Now, suppose that N completely depolarising channels
are combined by the quantum SWITCH, generating the ef-
fective channel Ceff in Equation (3). In the following we
will take S to be the set of cyclic permutations pi, map-
ping the index a into the index pi(a) = (a+k) mod N for
some given k ∈ {0, . . . , N − 1}. This choice is motivated
by the analysis of the off-diagonal terms Cpipi′ in Equation
(3), which happen to have the highest weight when pi and
pi′ are cyclic permutations [22]. Guided by the intuition
that quantum coherence in the control system is the re-
source responsible for boosting communication, we will
take the state ω of the control system to be the maximally
coherent state ω = |e0〉〈e0|, with |e0〉 =
∑
pi |pi〉/
√|S|.
A convenient Kraus representation of the completely
depolarising channel is as a uniform mixture of a com-
plete unitary basis {Ui}d2i=1, namely
D(ρ) = 1
d2
d2∑
i=1
UiρU
†
i , (5)
where d is the dimension of the system. Using this rep-
resentation, in Appendix A derive the relations
Cpipi = D and Cpipi′(ρ) = ρ
d2
∀pi 6= pi′ ,
which, inserted into Equation (3), yield the expression
Ceff(ρ) = I
N
⊗ I
d
+
∑
pi 6=pi′
|pi〉 〈pi′| ⊗ ρ
Nd2
. (6)
Finally, the above expression can be conveniently rewrit-
ten as
Ceff(ρ) = (1− p) |e0〉〈e0| ⊗ E(ρ) + pχ⊥ ⊗F(ρ) , (7)
where χ⊥ := (I−|e0〉〈e0|)/(N−1) is a state of the control
system, E and F are the channels defined by
E(ρ) := (N − 1)
N − 1 + d2 ρ+
d2
N − 1 + d2
I
d
, (8)
and
F(ρ) := d
2
d2 − 1
I
d
− 1
d2
ρ , (9)
respectively, and p := (N − 1)(d2 − 1)/(Nd2).
Equation (7) shows that the effective channel connect-
ing the sender and receiver is a mixture of two channels E
and F , heralded by two orthogonal states of the control
system. This implies that the optimal decoding oper-
ation consists in measuring the control qubit with the
two-outcome measurement projecting on the state |e0〉
and on its orthogonal complement. If the measurement
outcome corresponds to the projection on |e0〉, then the
receiver will know that the channel E has acted on the
target system. Otherwise, the channel F has acted.
Let us inspect the channels E and F . The channel E is
a partial depolarising channel, with probability of depo-
larisation equal to d2/(N +d2−1). Strikingly, this prob-
ability vanishes as d2/N in the large N limit, enabling
the perfect transmission of the target system through a
sequence of N completely depolarising channels. It is
also remarkable that the probability that channel E acts
does not vanish in the large N limit: such a probability
is larger than 1/d2 for every possible value of N . For
qubits, this means that one has a probability at least
25% to transmit transmit the quantum state of the tar-
get system with an error smaller than 4/N . This nearly
perfect transmission of quantum information could be
exploited for cryptographic purposes, such as generating
secret keys via the BB84 or E91 protocols. For finite
N , it is possible to show that channel E has a non-zero
quantum capacity for all values of N larger than a given
finite value N0 > 2. For example, for d = 2 and N > 9 it
is possible to show that the probability of depolarisation
is less than 13 , which guarantees that the depolarising
channel E has a non-zero quantum capacity [30, 31].
The channel F has also some remarkable feature. First
of all, it is independent of N . Second, it is a very-well
known channel in quantum information. It is the uni-
versal NOT channel introduced by Buzˇek, Hillery, and
Werner [25], and experimentally realised in a series of
works [25–28]. The universal NOT gate is known to be
an entanglement-breaking channel [32], or equivalently, a
“measure-and-reprepare” channel, which can be realised
by measuring the input and preparing an output state
depending on the measurement outcome [33]. As a con-
sequence, no transmission of quantum data takes place
when the system undergoes the channel F .
Summarising, for sufficiently large N , heralded trans-
mission of quantum information takes place with prob-
ability larger than 1/d2, while in the remaining cases
no quantum information is transmitted. An interesting
question is whether quantum information is transmitted
on average over the the two alternative measurement out-
comes on the control system. The answer is affirmative,
although a slightly more elaborate analysis is needed in
this case [34].
Enhanced transmission of classical information. We
now quantify the amount of classical bits transmittable
through N depolarising channels in a superposition of N
alternative orders. This question is interesting because
both the channels E and F have a non-zero classical ca-
pacity, and therefore the transmission of classical infor-
mation is not limited to the case where channel E takes
place.
An upper bound on the number of bits that can be sent
through a single use of a quantum channel N is given by
the Holevo information χ(N ) [35], defined as χ(N ) =
max(ρx,px)x∈X S(
∑
x pxN (ρx)) −
∑
x px S(N (ρx)), where
S(ρ) = −Tr[ρ log ρ] is the von Neumann entropy. The
4Holevo information is also a lower bound to the amount
of information that can be sent through the channel in
the asymptotic limit of many channel uses.
The Holevo information of the channel Ceff is computed
in Appendix B and graphed for d = 2, 3, 4, 5 in Figure 1.
We observe that the Holevo information increases with
FIG. 2. Holevo information of the effective channel Ceff ,
plotted with respect to N for message systems of dimension
d = 2, 3, 4 and 5.
N , showing the benefit of increasing the number of al-
ternative orders. In contrast, the Holevo information de-
creases with d, meaning that increasing the dimension
of the message system is detrimental for communication.
This rather curious feature already shows up in theN = 2
case [15]. In summary, the N > 2 scenario offers an in-
crease of the Holevo information, but no substantial new
feature compared with the N = 2 case.
A prisoner’s dilemma for quantum adversaries. So
far, we assumed that the the communication devices are
fixed, and implement completely depolarising channels.
We now consider an adversarial scenario, where the com-
munication devices are provided by N independent ad-
versaries, whose goal is to prevent communication (clas-
sical or quantum) between the sender and the receiver.
Suppose that each adversary is given a binary choice, ei-
ther to leave the communication undisturbed, or to jam
it, replacing the signal with white noise. This means that
each of the channels inserted in the quantum SWITCH is
either the identity or the completely depolarising chan-
nel.
Overall, there are three possibilities: (i) all adversaries
apply the identity channel, (ii) one adversary applies the
completely depolarising channel, and (iii) two or more
adversaries apply the completely depolarising channel.
In case (i), the effective channel (3) is the identity on
the target system, meaning that sender and receiver can
perfectly communicate to one another. In case (ii), the
effective channel is completely depolarising on the tar-
get system, and no communication is possible. In case
(iii), the effective channel is the one provided in Equa-
tion (7), with N replaced by N−K, K being the number
of adversaries who apply the identity channel.
If the adversaries are allowed to coordinate with one
another, then the optimal strategy is to have only one
of them apply the depolarising channel. If instead they
are not allowed to coordinate with one another, then the
optimal strategy is for all of them to apply depolarising
channels. Finally, if the adversaries are put in competi-
tion with one another, assigning higher payoffs to those
who apply the identity channel in cases (ii) and (iii), then
the situation becomes analogue to the prisoner’s dilemma
[36]: each player would be tempted to increase their pay-
off by applying the identity channel, but if all of them do
so, then they would fall into case (i), where all of them
lose the game.
This game-theoretic scenario highlights an important
feature of the communication advantages of the quan-
tum SWITCH, namely that they genuinely rely on the way
the input channels behave under permutations of their
order. The advantages can disappear for certain adver-
sarial choices of input channels, such as that in case (ii)
above, showing that they are not due to the use of the
control system as a side-channel that bypasses the origi-
nal channels [23].
Conclusions. We have demonstrated that genuinely
new features arise from the use of N > 2 quantum chan-
nels in a superposition of orders. We found out that the
combination of N completely depolarising channels in a
superposition of N cyclic orders can be expressed as a
heralded mixture of two channels, one of which converges
to a noiseless channel in the large N limit, while the other
is independent of N and equal to the universal NOT gate.
For finite N , we found non-zero heralded quantum capac-
ity generated for qubit messages when N > 9. The pos-
sibility of quantum communication through completely
depolarising channels is in stark contrast the N = 2 sce-
nario, where no quantum communication can take place.
Our result highlights the more complex patterns of cor-
relations emerging in multi channel communication, sim-
ilarly to the more complex patterns of entanglement aris-
ing for composite systems of more than two parts.
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Note. After the completion of this work, we became
aware of Ref. [37], which independently derived the clas-
sical communication capacity of the N cyclic permuta-
tions. The main difference with our work is that Ref.
[37] is limited to the transmission of classical informa-
tion, while the key point of our work is the transmission
of quantum information through completely depolarising
channels.
Appendix A: Off Diagonal Terms of the Cyclic Switch
We consider the terms for which pi 6= pi′ in
Ceff(ρ) =
∑
pi,pi′∈S
ωpi,pi′ |pi〉 〈pi′| ⊗ Cpipi′(ρ) , (A1)
where given the Kraus decomposition { 1dUpi(i)jpi(i)}d
2
jpi(i)=1
of each completely depolarising channel D(i)
Cpipi′ =
∑
j1,...,jN
U
pi(1)
jpi(1)
. . . U
pi(N)
jpi(N)
ρU
pi′(N)†
jpi′(N)
. . . U
pi′(1)†
jpi′(1)
d2N
we show that any Cpipi′ with pi 6= pi′ evaluates to the same expression,
Cpipi′ = ρ
d2
The derivation relies on the property of the Kraus decomposition of a completely depolarising channel used in [15] to
derive the output of the 2 party switch of two completely depolarising channels. I.E that they form an orthonormal
unitary basis on the d2 dimensional space of linear operators where the orthonormality is with respect to the Hilbert
Schmidt product. Since pi and pi′ are cyclic permutations, pi′ itself is a cyclic permutation relative to pi. Each Cpipi′
can be evaluated using only the knowledge that the relative permutation between pi and pi′ is a non-trivial cyclic
permutation. Adopting an ordered product notation
pi(N)∏
a=pi(1)
Uaja ≡ Upi(1)jpi(1) . . . U
pi(N)
jpi(N)
the output can be written
Cpipi′ = 1
d2N
d2∑
{jk|k∈N}
(
pi(N)∏
a=pi(1)
Uaja
)
ρ
(
pi′(1)∏
b=pi′(N)
U b†jb
)
Using the cyclic property of pi′ on the right hand side we can rewrite this as
Cpipi′ = 1
d2N
d2∑
{jk|k∈N}
(
pi(N−1)∏
a=pi(1)
Uaja
)
U
pi(N)
jpi(N)
ρ
(
pi(1)∏
b=pi′(N)
U b†jb
)
U
pi(N)†
jpi(N)
(
pi′(1)∏
c=pi(N−1)
U c†jc
)
Next, by the identity
1
d2
d2∑
jpi(N)=1
U
pi(N)
jpi(N)
ρU
pi(N)†
jpi(N)
= Tr[ρ]
I
d
.
summing over jpi(N) gives
Cpipi′ = d
d2N
d2∑
{jk|k∈N,k 6=pi(N)}
(
pi(N−1)∏
a=pi(1)
Uaja
)
Tr
ρ pi(1)∏
b=pi′(N)
U b†jb
( pi′(1)∏
c=pi(N−1)
U c†jc
)
=
d
d2N
d2∑
{jk|k∈N,k 6=pi(N)}
(
pi′(N)∏
a=pi(1)
Uaja
)
Tr
ρ pi(1)∏
b=pi′(N)
U b†jb

6and by the identity
d2∑
jpi′(N)=1
Ujpi′(N) Tr
[
ρU†jpi′(N)
]
= ρd
summing over jpi′(N) gives
Cpipi′ = 1
d2(N−1)
d2∑
{jk|k∈N,k 6=pi(N),pi′(N)}
pi′(N)−1∏
a=pi(1)
Uaja
pi(1)∏
b=pi′(N)−1
U b†jb ρ
=
1
d2(N−1)
d2∑
{jk|k∈N,k 6=pi(N),pi′(N)}
ρ
=
ρ
d2
Beyond the protocol in which only the cyclic permutations are implemented, for any two sequential orders pi 6= pi′ of
completely depolarising channels, 1d2 is the maximal possible normalisation of Cpipi′ . Each time either of the properties
D(ρ) = 1
d2
d2∑
i=1
UiρU
†
i = Tr[ρ]
I
d
.
or
d2∑
i=1
Ui Tr[ρUi] = ρd
are used they introduce a factor of d, however the summation
∑d2
{jk|k∈N,k 6=pi(N),pi′(N)} loses another summand for each
usage and so the output loses another factor of d2. The choice of orderings pi 6= pi′ which reduces the number of times
for which these properties have to be used will maximize the weight of the corresponding off diagonal term Npipi′ .
Appendix B: Capacity of the NC-Switch
Following [15], we compute an attainable upper bound on the mutual information of the state
σXTC =
∑
x
px |x〉 〈x| ⊗ SNC({N (i)}Ni=1)(ρxt ⊗ ρc) (B1)
Which is given by
I(X;TC) = H(TC)σ −H(TC|X)σ
≤ log(d) +H(ρ¯c)−Hmin(SNC)
(B2)
Where using
wXIJAC =
1
d2
∑
xij
px |x〉 〈x| ⊗ |i〉 〈i| ⊗ |j〉 〈j| ⊗X(i)Z(j)ΦxZ(j)†X(i)† ⊗ ρc (B3)
ρ¯c is defined by
TrXIJ [I ⊗ wXIJAC ] = I
d
⊗ ρ¯c (B4)
and so
ρ¯c =
1
N
∑
i
|i〉 〈i|+ 1
Nd2
∑
i 6=j
|i〉 〈j| (B5)
From which we can compute the entropy
H(ρ¯c) = −
(
d2 − 1
Nd2
+
1
d2
)
log
(
d2 − 1
Nd2
+
1
d2
)
− (N − 1)
(
1
N
− 1
Nd2
)
log
(
1
N
− 1
Nd2
)
(B6)
71. Evaluation of the minimum entropy
First we compute the entropy in all generality and then use the expression to minimise the entropy over all possibly
input states. We write the output as
ρ′ =
∑
i
1
Nd
|i〉 〈i|c ⊗ It +
∑
i 6=j
1
Nd2
|i〉 〈j|c ⊗ ρt (B7)
Where we have labelled control and target c and t respectively. As such this expression has the form∑
i
cˆi ⊗ Tˆi (B8)
With T1 = I and T2 = ρ Since [It, ρt] = 0 the target states are simultaneously diagonalisable, we label their
eigenvectors
∣∣t(m)〉 The control states (cˆi) are also simultaneously diagonalisable with eigenvectors labelled ∣∣c(n)〉.
Since ∑
i
cˆi ⊗ Tˆi
∣∣t(m)〉⊗ ∣∣c(n)〉 = ∣∣t(m)〉⊗ ∣∣c(n)〉∑
i
t(m)ic(n)i
the complete set of eigenvectors can be computed by finding simultaneous eigenvectors for the control and target states
individually. As such the eigenvalues will be {λmn ≡ t(m)c(n) : m ∈ {1...d(Ht)}, n ∈ {1...d(Hc)}} The simultaneous
eigenvectors of {Ti} = {I, ρ} are the eigenvectors of ρ, we denote the eigenvalues of the t(m) under ρ as λmρ and
each eigenvalue of I is 1. For the control state we look for simultaneous eigenvectors of C1 =
∑
i
1
Nd |i〉 〈i| and
C2 =
∑
i 6=j
1
Nd2 , which are simply the eigenvectors of C2. As such the eigenvectors are
• c(0) =
∑
k |k〉
• c(n) = |0〉 − |n〉 for n ∈ Zd(Hc)
with c1(n) =
1
Nd ∀n and c2(n=0) = N−1Nd2 , c2(n 6=0) = −1Nd2 . We are now able to compute all eigenvectors and hence the
entropy.
H =
d−1∑
m=0
N−1∑
n=0
∑
i
ci(n)ti(m) log
(∑
i
ci(n)ti(m)
)
=
d−1∑
m=0
∑
i
ci(0)ti(m) log
(∑
i
ci(0)ti(m)
)
+
d−1∑
m=0
N−1∑
n=1
∑
i
ci(n)ti(m) log
(∑
i
ci(n)ti(m)
)
=
d−1∑
m=0
(
1
Nd
+
N − 1
Nd2
λmρ ) log
(
1
Nd
+
N − 1
Nd2
λmρ
)
+
d−1∑
m=0
N−1∑
n=1
(
1
Nd
− 1
Nd2
λmρ ) log
(
1
Nd
− 1
Nd2
λmρ
)
(B9)
The entropy is convex in λmρ and so the entropy is maximised when λ
m
ρ = δ0m, I.e for pure inputs. As such the
entropy is
H = (
1
Nd
+
N − 1
Nd2
) log
(
1
Nd
+
N − 1
Nd2
)
+ (
d− 1
Nd
) log
(
1
Nd
)
+ (N − 1)( 1
Nd
− 1
Nd2
) log
(
1
Nd
− 1
Nd2
)
+ (N − 1)(d− 1)( 1
Nd
) log
(
1
Nd
)
= (
1
Nd
+
N − 1
Nd2
) log
(
1
Nd
+
N − 1
Nd2
)
+
N(d− 1)
Nd
log
(
1
Nd
)
+ (N − 1)( 1
Nd
− 1
Nd2
) log
(
1
Nd
− 1
Nd2
)
= (
d− 1
Nd2
+
1
d2
) log
(
d− 1
Nd2
+
1
d2
)
+
N(d− 1)
Nd
log
(
1
Nd
)
+ (N − 1)(d− 1
Nd2
) log
(
d− 1
Nd2
)
(B10)
82. Achievability of the upper bound
The mutual information for an ensemble of equally distributed orthogonal states is
I(X;BC) = H(BC)−H(BC|X)
= H(
∑
x
1
d
S(ρx, ρc))−
∑
x
1
d
H(S(ρx, ρc))
= H(
I
d
⊗ ρ¯c)−H(S(ρx, ρc))
= log d+H(ρ¯c)−H(S(ρx, ρc))
= log d+H(ρ¯c)−Hmin(ρ)(S(ρ, ρc))
(B11)
Such an ensemble therefore attains the bound. We write the full Holevo information for completeness.
I = log(d)− (d
2 − 1
Nd2
+
1
d2
) log
(
d2 − 1
Nd2
+
1
d2
)
− (N − 1)( 1
N
− 1
Nd2
) log
(
1
N
− 1
Nd2
)
− (d− 1
Nd2
+
1
d2
) log
(
d− 1
Nd2
+
1
d2
)
− N(d− 1)
Nd
log
(
1
Nd
)
− (N − 1)(d− 1
Nd2
) log
(
d− 1
Nd2
) (B12)
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